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Abstract:

For the double singular Cauchy-Stiltjes integral over a set of a bicylindric domain, a Zygmund type estimate
connecting partial and mixed moduli of continuity of the singular integral and its density is obtained. On
this basis, some spaces are constructed invariant with respect to the double singular integral.
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1. Introduction

Let v be a closed Jordan rectifiable curve (c.j.r.c)
on the complex plane z, (k=1,2) which divides the
complex plane into two parts the interior D} and the
exterior D,. The curves y' and y? define four
bicylindric domains D* = D] xD,

With the boundaries having the common part
A =y*=y? known as spanning set. Let

1 f(s)dy(s)
[ (1)
(@) H(Sk -7)

k=1

be the double Cauchy-Stiltjes type integral, where
2=(2,2,), s=(s1.52), dwls)=dyy(s)dy(s), fls)eCy,
where C,is the space of continuous functions on
A,y (s) being functions of bounded variation on
v* (k=12). Under the investigation of limiting
values of the function @,(z) there appear the
following singular integrals:

®,(z)=

(21 f](s;t)d\y(s) (LAO f](s;t)dw(sl)
O L [ S
A H(Sk_zk) v v
Bt ftents)
93’1(t)= B 2
where Y

Af(sit)= F(s1,82) - Flsito) = flts2)+ Fltoto),
Af(syit)=Fsptp)— Fltty), AF(syit)= Flt,s)- fltty).
We denote

f, (t)=gbH(t)+ g2°(t)+ 031 (1). (3)

In the case when ;(t)=t(i=12), we write
f(t)=g"(t)+g"t)+g°*(0).

In the case when y'(i=12) is the unit circle the
singular integral g*'(t) is reduced to

T T

h(x,y)= I J-f(x+t,y+s)ctg%ctg%dtds.

It is known that the space H?(p;,¢,) (see [4]) is not
invariant for the singular integral h, see [1]-[3] in the
case ¢;(8)=9,(8)=5%, 0<a<1 and [4] or the general
case. At the same time in [5] it was proved that the
function spaces

4P ={f eC o 10¢(5,,5,)=06¢.88) 0<ap <1

are invariant for the singular integral h.

In [6] for the function h there was obtained an
estimate of Zygmund type. Based on that estimate in
[7] there was constructed the class 3, . invariant
with respect to the singular integral h. in the one-
dimensional case this class was introduced in [8]. In
[4] for the function h there was proved some
analogue of the Plemeli-Privalov theorem.

In [9] there was proved an analogue of Zygmund
estimate for the function f(t), in terms of the
characteristic 6(8) introduced in [10].

In the one-dimensional case in [11] there was
obtained some of Zygmund type for the singular
integral  f, in terms of characteristic e,(5)
introduced in the same paper and an analogue of
Plemeli-Privalov and Magnaradze [8] theoerms were
obtained.

An analogue of Zygmund estimate in terms of the
characteristic 6(3) was obtained in [12] in the n-
dimensional case for the function f .

In this paper we give a Zygmund type estimate
connecting partial and mixed continuity moduli of
the functions f and f,. With the help of these

estimates a Banach space invariant with respect to
the singular integral f, is constructed.

2. Preliminaries

As in [11], we denote
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oy = [ldvi(s), 07 ()= sup 6} (t.5),
75) e
where v&(t,)= s €7 :[s—t,| <5, 5. (0,d, 1},
dy =supls, —t,|, k=1,2. Functions ¢,(8) and ¢,(5) non-

increasing in the interval {o,ﬂdw(s}] are said to be
Y

equal to each other ((pl z (sz, if they are equal on

some dense set which contains the point J.|d\|;(

[11]).

The monotonous increasing function 6¥(s), defined
by

s) (see

6%(5) = supf: 0¥ <5}, 5e {o, j|dw(s)|}

Y

is called the generalized inverse to the function 6(3),
see [10,14].

Let Q be a domain in the complex plane C and H(Q)
the class of functions holomorphic in Q and
continuous in Q. Let also D be a bounded region in
C with the boundary éD=vy which is (c.j.r.c). For
F < H(CD) we usually assume that lim F(z)=0.

In the case when dy(t)=F(t)dt, where F(t) is
limiting value of function analytic in D* and
continuous up to the boundary, we denote

0¥ =0F (5)=supoF (t,5), 0F (t,5)= J'|F(r)|dr|, 5e(0,d],

e 75 (1)
so that 0¥ =(5)=sup I|dt| in the case F(t)=1.
T 450

From the definition it follows that 67 (5) it is a non-
negative and non-decreasing function on (0, d] and
0" (t,8)< 0" (5)<Co(8) with the constant C depending
onF.

We denote
d

3, {feC [P o6 } ()
0

and

sm:{fec(y):iwmi ®

g
0
where F eH(D) (or F e H(CD)).
Let FeH(D) (or FeH(cD)). If F(t)=0 vtey, then
07 (5)~e(3)and in this case I,(y)=3¢(y), that is
(4)=(5). In the general case the conditions (4) and
(5) are not equivalent. Since 6F(5)<Cr6(5), we have

jwf_(&)
5 &
To study the properties of the integral (2), we arrive
at the necessity to choose the following basic
characteristics of functions f eC,:

1) mixed modulus of continuity (5=(5,,5,), 8 >0,
8, >0, E.a:(éllEJZ)):

d
doF (¢)<Ce [ mf;‘t’)de(};), whence 3
0

11
11 .
or(0)=5,-5, sup L&)
£1281,8,25, &1@2 £>5 é

o

10
i inui pA o(f.&)
2) partial continuity modulus o+ (5,)=8, sup ——=L2,
€128, 1

11
where o(f,5)= sup
81—t |<8;
Sz 1[5,

10
o(f;8))= sup sup |Af(st tl

tyey? [s1-1]<8,

and

01

01
o f (62)= 3, sup —m(f’é;Z) ,
£,298, 2

By ®{,q We denote the set of those non-negative
increasing functions ¢() on (0, d] for which
éimo(p(é)zo and §'(5) decreases.

Zﬁ(f;sz) sup  sup |Af(st ]

tieyt [s2 <8,

Let @ 41004, =P;. denote the set of functions
o(8,,8,)=w(8) defined on T2=(0,d,1x(0,d,]
belonging to @' in each argument, i.e.
1) wd)e®yq,; in 8, for any fixed 5;;

and

2) o(8)e @4, in & forany fixed s,.

In [15] it was shown that the properties 1) and 2) are
characteristic for continuity modulus in the sense
that for every oe® , there exist such a function

feC,

10 01
(Df(slasz) (31 52)' mf(Sl) (61’d2)! mf(62)~(9(d1:62)
By V, (see [11]) we denote the set of all functions
with a bounded variation on y for which the integral

: dy(s)

v\i{(t) 1_[(3k ~t,)

k=1
Let function (3,,5,) be defined on T? non-negative
and satisfying the condition

is uniformly bounded.

J‘ K C‘)‘%l <:2 de\i’l )d6¥2(§2)<00

182
We introduce the Zygmund type operator
Z((D;S, 0v, é‘i’): Z((D; 01,9,, elw1 ) ezw2 vélw1 ) éZW2 ):
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(8,032 (5,)

1

+81 T 92/2( ! (9“’1(&1) e2 (& ))dE_, dg
[e\lll élr e‘l/z iz

ooy (6 07 &)
0" (€1)-6* (22)

dg,dg, +

ex’l(ex % ol e) 02 (),
S 1) V2 2 EJdEJ
o { 92{52 eyl

+ 6162 éld‘:z .

T Toolre) o)
01 (5,)0%2(3,) [91 al]z [92 ‘22]2
It isn’t hard to show that Z(co,&,G“’,é"’)e(DTzand

Z((D§ 3, e\v,é\v): Zl(zz(‘”(éfl ") 82,62“’2 ’ézwz )81! elw1 J élw1 ):
61Vl(gl)z (m(é§1,_)8 .0 Wzlé ‘Uz)
e

zz(m(éfl ) 8,,0,"2,0," )d221
v e)f

O —y

dy

+9; I

0y (3,)

and
ZZ(m(élél ) 8,,0,"2, ézwz ):

el )0 )y

0 é\sz (‘22)

d;

w5, [ olrE)er ),
0y2(5,) [9‘24]2 (&2)]2
For further goals we need the following technical

lemma (see [11]).
Lemma 1. Let g(t) be a function non-decreasing on

(0,d] and wy(t) a function of bounded variation on vy
then ve',e"€(0,d], ¢’ <¢”

I g(s—t))dw(s) = Ig(s)de“’ (ts).
7o (W (1) ¢
Let us denote

A5y ),

s—t

=y \v, ()< v* \v2, (t) -

g\lvy%s(t) = _[

A\A,
where &=(g;,,), SO that A\A,

11
As usual we say that the integral g, exists in the

principal value sense, if there exists the finite limit
11

lim g .
g0 - Pt
£,—0

Theorem 1. Let f eC,,y, €V, (k=12). If

dll ( ) d, d211
Jeraora)= | [l o o)<
o MM
Lo 11 11
then the limits  lim gwg(tltz) Ilmongs(tl,tz),
-

81%

lim gwg(tl t,) with any fixed &, €(0,d,] in the first

g —0
£,—0

limit and any fixed ¢, (0,d,] in the second one exist
uniformly in t,t,.
Proof. It can be seen directly that

11 11
9, e, (ttr)-g . (t.tp)=

- AZ(S;tt)d\y(s)+
7o WM (1) 75, ()W, (t,)

N J‘ _[ Af (s;t

s—t
ik () 3, )W (t)

—
o
<
—_
w
~—
+

+
o W)Vh (1) Y2 (V2 ()
=31+ 3, + 33,
where 0<g <n, <d; and 0<g, <n, <d,.
We estimate every term separately. Obviously

11
o1 (s —tfls, ~to])
|51 —ty]-[s, ~ 1|

|3 <
Y}H(H)\Vil(tﬂ Ynz(tz)\}’
|d\V1 51X‘|d\lf2 52)
Case 1) n,<eg, . Applying Lemma 1 and Theorem

subsequently from [14] and taking into account that
11

0y* (t,,8)< 0y (8) and @ L(k=12), we obtain
k
11

N M2
= | | otfutedanr e )
0 0

Case 2) g, <&, <m; <m,. In this case we have
S J o+
1o )\ () vVl () N0, (W5, () vh, (t Wi (1)

11
or (& -t 2 ~t)
) d .ld _
61—t 62—t Ay (&) [dw, (&)

Taking into account the case 1) we obtain

i)

0 0

el [T T

0B gou: (c Yoy ().
B

The integral 3, inthe cases g <&, <n, <1,

g, <8 <M, <1y &, <g <M, <M, IS estimated in a
similar way.

Passing to the integral 34, We have

M1 dz
I J‘ OJf il &) dov: (&, )doyz (2,),
0 o b2
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if n, <n, and

: 3|<[”f [+ | ]mdemwe;’z(m

50 0 0 G182
if & <n,<n,. The integral 3, is estimated similar in
the case n,<e <mn,. In a symmetrical way the
integral 3, is estimates prove the theorem.
In the following theorem we use the notation

d, d, L

SS’(A){feCA: ] %de%@ Jd032 (&, ) <o,
00

; 4, 01

J- (Df(él)deih(g )< oo I wf(éZ)de‘z"z(izkoo;

o S o &2

3. Main result

Teorem 2. Let feSy(A) with y=(y;,vy,), vy eV,
k=1,2. Then the following inequalities are valid

11 11 -
o7 (8,,8,)< clz(mf ; a;e“/;e“/] , 0<8, <d,, k=1,2

1,0 11 T
of(3)< Cz{ [mf 8,,d,,0Y, eWJ+z[mf 8,00 e\”lj
0<d,<dq, (6)

01 11
@f(sz)sc{ (mf d;,s,,0v, e“/J+z(mf 8,,042,042 }

0<5,<d,.

Proof. Let t,,t, 7", [t —ti|=¢, <d,, k=1,2. For the
function f,(t) we estimate mixed and partial
increments

01

o Et)+Ag, (), (7)
)+Ag (tt1 ) (8)

_ . 11 . 1,0
Af, (t)=Ag, [Lt)+Ag

AT, [t 5t)= Alcjlw (6, ;t)+ A1g°% (o

and
AF, iy it)= A0, i it) - A0 o () AQ, tst). @
To estimate Aléw (t;t') we observe that

11 g,\Af; s, b
28, )= [ 2 )y )

. Sh
! 10
_J-gz(Af;st2 t') (5) (10)
1 st Vils
Y
where

W) (11)

Volume 8, Issue 11-Nov-2019
and similarly for g,(af;s, .t).

It’s easy to see that
Af(sit)-Af(sity, )=—Af (s, ;t; Jk =12 so that
gz(Af?Stz’ttg):
Af (s;t Af (s
_[ #d\lfz(sz)‘ J (—t )d\Vz(Sz)
) 2 2 vfz(tz) 2
Af (s;t)
+(t, —t5 —— T dy,(s,)-
b 2)72\{32 (52—t )5, ~t3) (%)
Af (st Af(s;t
i —S(gttz)dw G ] AU,
vug, 22 v 65 () P
Af(s:t 6
, )y o) 3 12)
Al 27 k=0

where v =v§ (t)UvE (t)k=1,2. Basing on the of

the proof of Theorem 1 from [11] and Lemma 1, it’s
easy to obtain the estimates
11
ai< [ty ) im12
5 &2

j‘zléf (151 _t1|’§2)

E_,g de‘zl/z (éZ ) !

|33|S €

11

d, B 11
; %Wdemwcofﬂsl—tllfa)’
2

where M =sup d“’z—(sf) and
2 SZ_tZ

v \v2,
11 )
|3 |<2 J.(Df(lsl—tl'éz e‘l’z(az)’ i:5’6.
b £
Gathering the estimates for the integrals 3,
(i=1,2,...,6) and taking into account the theorem
from [14], p.241, we obtain
017 (e,) Q
? f S1—'[1| Gt (@2))
Af;s ity |<C 2 d
|92( Stz '(21 '([ Gt“;?(é’;z) E.>2+

11

@ qul —t1| et2 (&2))
+e J;Sz [ewz )]2 dg, +

11
T of (Isl —t, §2|)} . (13)
Since the function
Yot (5,6 ( ) o0 (5,67 (¢ )
QN TS o

IS increasing in n for any &< (0,d;] and
037 (&,)< 6y (&,), we obtain
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(92
11 0
of sl t, e,)< J‘ quslewtzﬂéz (&2))d§2.
2
From the inequality (13) taking ¢, <5 we have
9\4/2(52)1,1 _
’ s, — 1], 032
|92(Af ;Stz’ttélSC I (DfQ 16“121}EJ 2) (&2))&;2 +
2 2
11 _
15, dJ‘Z qusl—'[ﬂ, 03 (%z))daz _
i) e
=7 [t;qul t],5,,042 9\;/2)) (14)

Here and below, ¢ denote absolute constants, which
are different at different in different inequalities.

The equality (10) differs from (11) by the fact that in
(10) the integration is taken over through y* no y?

and the density Af is replaced by g,. Therefore to
derive the estimate for the difference (10) we may
use the partition of this difference similar to that in
(12). We have

11 g,\Af ;s

sy e)- | )y )
1o () o
gz(Af'stz t)

Af;s o
) [ ety )

Vl\Yil (Sl _tlxsl _ti)

Af st
cop el
v e) R
Af ;s t
_ I QZ(S _tt,z ) wa(sy)+
AL @) T
I gz(Af St tt;) ?z(Af St )d (31) (15)
. s -t
Y\
with g,(af;s, .t )-g,(af ;s . t)=
~ Af(stlr;t) Af(5t1 tz)
g et e o
Y

Y

We denote the terms in the right-hand side of (15) as
i, k=16.

Taking into account the estimate for the difference
(11) we can obtain the following estimate for (16)

|gZ(Af St by )— gz(Af St ,t'] <

ew(zz)l'l q pat
of Sl—t1|,9‘“2(82))
<C -~ dey?
_([ ewz(gz) E.:Z ( 2)+

g, -
vy | b))

6% (e,)f

11
~7 (mf(]sl—td) £,,0"7 e%]. (17)

Keeping the bounds (14) and (17) in mind we may
estimate the integrals i,, k =16 in the same way as it

was done for the integrals 3,, k=16 and then for
g, <8, we get

11, 3
9?”(51)22[0” (el(él)l ')152’9212 !e\zuzj

— dg; +
0 ei‘ll (gl) '

11
A gw(t;ti <C,

. [tif(el(gl) )sz,eyZ,é;/ZJ
R i

0y (51)

11 - -
2]z Bote o003 o -

dE,\l =

11
_z[mf 5,0 e“/] (18)
. 1,0 01
Now we have to estimate ag, (tt) and Ag, (tt).

. 10 01
Estimating Ag, (t) and Ag
account in (11) we obtain

v, 6t) similarly  to

10 9v2(52)9w1(61)11 (e‘l’ ( v,
o ()05 (2,)
Ag, (tt)<C] u de,de, +
e { I ] Sreree o
9;’2(52) Iy 1 1
+8, J' J‘ co‘ (9“’ (&), v\zv (< )dildiz _
0 0/1(5,) [eiv ' (@1)]2‘9‘5] (&2

11 - -
éyzwz>zl(c>f(n OXZ(éz))Bl,GYI,GYIJ
= — da .
{ 0y2(&,) ’
In the same way we get
11

w@ﬂ[w@l@))
0 éyl (&1)

(19)

\Ilz ’é\zsz
dg, .

01
Ag,, (t;t'% <

(20)
Gathering the estimates (18), (19), (20) we finally
obtain

11 11 -
o (8,8,)=0 z(mf ;s,eW,eWJ :

(21)
Let us estimate Afw(tté;t')z f,t.tp)-f,@.t5). We
have

AT (tt -t ZJ‘d\VZ S, (J‘Af

2 _t2 L S1

Y Y

d\y (s1)-

1
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)| e

¥2 2 _t2

= Algl\u (tté ;t')+ A %’lw (tté ;t')+ Aléowl (tt'z

11
Now we have to estimate ‘A gw(tt

)

1 We have
9Y1(81)|2 L 1
Alg’]lw(ttlz;t'1<c{ J- wi(ef/ (&12 (

0 0 91#’1 (‘:l)

o1,

ve [ ]

6, (51)0

o by ) 6‘52(‘:2))d d
e o)

01 10
To have bounds for ag, (t,;t) and ag, (t,:t) we

use Lemma 1 and apply the theorem from [14].
Taking into account the inequality

11 e\zvz( )11 e\l/l
wf(lsl_tﬂ"taz)ﬁ _[ o GWE ; 52 dg, ,
0
We arrive at the estimate

01 o 1 J.|Af(st ity )- Af(st{;t'l

A
Iv 5, —t

gl (s,:t) < fo (-6 o)) <
= I oy (s,) < ,([ 0y (z,) aE, <

|d‘l/(321 =

éiﬂ(fh)'z 1

< o1 01608 €) . 4.
0 0 93.“1( 1)9\2”(&2)
Applying the estimate for the difference (11) we get

6“1(81) 11

(22)

10 ov1
Ag, ;ti <C fefz (é(g)l) de, +
0
y Mo
+e I Mdél . (23)
0V (c,) [GY : (él)]z

Taking the estimates (21)-(23) into account, with
& =[t —t| <&;, i=1,2. We finally obtain
Lo R I G AT

8 < 1 lv 2 2 de.d
of, (5) {j! ) et

2 L o e
’ ‘ZV (§2))d§ld§2+ I (Dféew (él) §1+

o160 lélwwal)ﬁé;"z(az) D TorG)
WL
[ o 0y (&1)
+ — dg;
ew{al) bre)f | (24)
In similar way one may estimate
Af (t‘t t) f, (), (t:t). We have

0 0 éi&ﬁ(gl)é‘zl’z (‘;:2)

P lolreora), , T el |

0y2(3,) - (5 1 QVv2
o1, 62)< C{ J Imf(elw (1) 63 (éz))daldéﬁ

+629W [ég’z () ]zéiul &) 0 03:(c.)
t (}Jf!ew £,) ’ ]
N ! @

The last inequalities (20), (24) and (25) prove the
theorem.
Let wed ,. We introduce the linear space

- {f eC, :l(lj)Lf (8,,8,)=0(w(3,,5,)),

1) Olol ) 1) -0l )|

and equip it with the norm

1,1 10 01
Il =max{€0, €00 11 |

Where
E o 0rlBud) B i)
Ci= supu Cs —SUp—,
81,8,>0 60(51,52) 5,>0 00(81 d )
01
0,1
Cf supﬂ

8,>0 o(dy,8,)
With respect to this norm K, is Banach space. It’s
easy to see that K,=K,when o ~o, Up to
equivalence of norms. In the case «(s;,8,)=8{3) ,
0<a,B<1 we denote this space by K, this class
being treated in [3],[6], [13], [16]- [18].
Theorem 3. Let dy(t)=F(t)dt , where F(t) is limiting

value of function analytic in D* and continuous up
to the boundary and let

d
(DGSOCD:{O)E(DTZ : I%deF(§)<w’

g —"’@é’ldz)def(al)w. j (dgfz)dez (t2)<o»

0

Then feK, = fr e KZ(Q),S,GF).
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Corollary. Let o7 (8)~5(k=12). Then under the
assumption of Theorem 3 on ® we have
feK,= fr eK,(038).

Finally let of (8)~ 5 (k =12),

we{neIe®: Z(w;8,,5,)=0(w(5,,8,))} (26)
Then the following theorem is valid.
Theorem 4. Let feK,. Then wunder the

assumptions (26), f <K, aswelland || <[f], -

The proof of the theorem follows from Theorem 2,
Corollary to Theorem 3 and the estimate

| I
Il <ctl,, [ f wg) g+ gm(aé,ld»dgﬁ

3
. j o(dy, &,) dng = Cl" f"KO) '

y &2
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